Abstract. By means of simple computations, we construct new classes of non separable QMF's. Some of these QMF's will lead to non separable dyadic compactly supported orthonormal wavelet bases for L 2 (R 2 ) of arbitrarily high regularity.
Abstract. By means of simple computations, we construct new classes of non separable QMF's. Some of these QMF's will lead to non separable dyadic compactly supported orthonormal wavelet bases for L 2 (R 2 ) of arbitrarily high regularity.
Introduction.
In the most general sense, wavelet bases consist of discrete families of functions obtained by dilations and translations of well chosen fundamental functions 8], 9]. In this paper we will focus on compactly supported dyadic orthonormal wavelet bases for L 2 (R 2 ), they are of the form f2 j i (2 j x 1 ; k i 2 j x 2 ; l i ) : j k i l i 2 Z i = 1 2 3g :
I. Daubechies has constructed compactly supported wavelet bases for L 2 (R) of arbitrarily high regularity, generalising the classic Haar basis 6]. The most commonly used method to construct compactly supported wavelet bases for L 2 (R 2 ) of arbitrarily high regularity, is the tensor product method 9] . It leads to the scaling function '(x 1 x 2 ) = ' 1 (x 1 ) ' 2 (x 2 ) and to the fundamental wavelets a (x 1 x 2 ) = ' 1 (x 1 ) 2 (x 2 ) b (x 1 x 2 ) = 1 (x 1 ) ' 2 (x 2 ) and c (x 1 x 2 ) = 1 (x 1 ) 2 (x 2 ) (where ' 1 (respectively ' 2 ) is a scaling function for L 2 (R) and 1 (respectively 2 ) is the corresponding fundamental wavelet). The scaling functons and the wavelets that result from the tensor product method are called separable. In this paper, we will also call separable the scaling functions and the wavelets that are the images of separable scaling functions and wavelets by an isometry of L 2 (R 2 ) of the type f(x) 7 ;! f(Bx) (B 2 S L (2 Z)).
Let us now give an outline of the present article. In the second section, by means of simple computations we construct new classes of bidimensional non separable QMF's (Theorems 2.2 and 2.3).
In the third section, we show that some of these QMF's generate non separable, compactly supported, orthonormal wavelet bases for L 2 (R 2 ) of arbitrarily high regularity. These wavelets will be constructed by two methods:
The rst method consists in perturbing the separable I. Daubechies QMF's (Theorem 3.4). Thus it leads to wavelets that are close to the I. Daubechies separable wavelets with the same number of vanishing moments (for the L 1 norm).
The second method permits to construct wavelets that are not near to the I. Daubechies separable wavelets (Theorem 3.5).
All the results of the second section and some of the results of the third section may be adapted to multidimensional compactly supported orthonormal wavelets bases for L 2 One can notice that, in general, it is not clear that one may a l w ays associate compactly supported wavelets to a multidimensional multiresolution analysis, even if its scaling function is compactly supported 7] . In this paper this di culty will be solved by ad hoc constructions (Theorems 2.2 and 2.3).
The bidimensional QMF that corresponds to a separable wavelet basis is also said separable. It can bewritten where (a ij ) belongs to S L (2 Z) a n d m 1 (x) m 2 (x) are two monodimensional QMF's. Let us now study a class of bidimensional QMF's , which is rather easy to construct. This class seems to be a natural extension of the class of the separable QMF's for (a ij ) = I 2 .
2.1. The class of the semi separable QMF's. ( 2 ) be a s e p arable QMF and let S 1 ( 1 2 ), S 2 ( 1 2 ), S 3 ( 1 2 ) be its conjugate lters (ã(x) = ;e ;ix a(x + ) andb(x) = ;e ;ix b(x + ) will be the conjugate lters of a(x) and b(x)). If ( 1 2 ) and ( 1 2 ) are two trigonometric polynomials -periodic in 1 and in 2 and such that
is a QMF and its conjugate lters are 2 1 ) and ( 1 2 ) = (2 1 ) (as de ned by (2:5) and (2:6)), the QMF R 0 ( 1 2 ) is non separable when S 1 ( 1 2 ) is not the lterã( 1 ) b( 2 ) and R 0 ( 1 2 ) has zeros of order greater or equal than 2 in ( 0), (0 ) and ( ).
ii) If ( 1 2 ) = (2 ( 1 + 2 )) and ( 1 2 ) = (2 ( 1 + 2 )) or if ( 1 2 ) = (2 ( 1 ; 2 )) and ( 1 2 ) = (2 ( 1 ; 2 )), then the (2 Z) and m 1 (x), m 2 (x) a r e t wo monodimensional QMF's. Taking successively ( 1 2 ) = (x 0), (0 x ) and (x ) where x is an arbitrary real one obtains (c ij ) = c 11 " 1 " 2 0 with " i = 1. We will suppose that we are in the rst case, the second case being similar.
We notice that whatever the value of the integer c 21 may be,one cannot have for all x, j (2 x)j 2 = jm 2 Thus by using (a) we obtain the contradiction j (2 x)j 2 = jm 2 (c 21 x)j 2 for all x 2 R.
Let us study now the case where S 1 ( 1 2 ) =ã( 1 )b( 2 ). As previously, we will suppose that R 0 ( 1 2 ) = m 1 has only two non vanishing coe cients. This is impossible since R 0 ( 1 2 ) has zeros of order greater or equal than 2 in ( 0), (0 ) and ( ). If c 21 = 0, it follows from (c) that for all x, (2 x) a(x) = 0 . This is impossible. Let us show ii).
As the variables 1 and 2 play the same role we will only study the case where S 1 ( 1 2 ) = e( 1 )b( 2 ) with e =ã or e = a. As previously, we will suppose that The last equality implies that c 22 = 0 and b(x) = m 1 (" 1 x). Thus 3. Some of the previous QMF's lead to wavelet bases for L 2 (R 2 ) of arbitrarily high regularity.
In this section we g i v e t wo methods for constructing non separable orthonormal compactly supported wavelet bases for L 2 (R 2 ) of arbitrarily high regularity.
In all this section the norm on R 2 will be j( 1 2 )j = s u p fj 1 j j 2 jg. , ii) f(s t) C j(s ; 1 =2 t ; 2 =2)j, for all s t, for all ( 1 2 ) 2 f0 1g 2 and ( 1 2 ) 6 = ( 0 0), iii) f(s t) = f(;s ;t), for all s t. We then de ne q 1 : : : q r the transition indices of the nite vectorial sequence ( 0 0 ) : : : ( j+1 j+1 ) where ( 0 0 ) = ( 0 0) as follows: r will be the number of the indices q that satisfy, 0 q j ; 1 and ( q+1 q+1 ) 6 = ( q+2 q+2 ), q 1 = 0 and for all l, 2 l r, q l = min fn : q l;1 < n j ; 1 and ( n+1 n+1 ) 6 = ( n+2 n+2 )g :
For m = 1 : : : r we set l m = q m+1 ;q m (q r+1 = j by convention), thus we have P r m=1 l m = j. We have introduced the transition indices in order to get the inequalities h(2 q m s 2 q m t) (M 1 ) h(2 q m s 2 q m t) C 2 ;l m :
We have 2 q m s 2 1=6 5=6] or 2 q m t 2 1=6 5=6] therefore i) implies (M 1 ). To prove (M 2 ) we will suppose that q m +1 6 = q m +2 , we then have j2 q m s ; 1=2j 2 ;(l m +1) . So, if q m +1 = q m +2 it follows that j2 q m t ; q m +1 j 2 ;(l m +1) and else that j2 q m t ; 1=2j 2 ;(l m +1) , i n t h e bothcases ii) implies (M 2 ).
At last, for all j 1 we have h(s t) h(2 s 2 t) h(2 j;1 s 2 j;1 t) h(2 q 1 s 2 q 1 t) h(2 q r s 2 q r t) :
So, if A and are two reals such t h a t 2 A C, 2 ; A and 2 A(1; ) C (for example A = log 2 C + log 2 (1= ) and = log 2 (1= )=A) then we will have The following proposition will permit us to make an appropriate choice of the real that occursin (3.1). The following lemma will permit us to make an appropriate choice of the trigonometric polynomial q(x) that occurs in (3.1). Since T is even and -periodic the trigonometric polynomial R N is with real coe cients and -periodic.
The sequences fR N g and fR 0 N g converge uniformly to the functions T and T 0 . Thus it follows from a) that:
There exists C 1 such that for all x, for all N, jR N (x)j C jxj. We can now state the main result of this subsection. 4. Conclusion.
Some of the techniques we have used to construct non separable, dyadic, compactly supported, orthonormal, wavelet bases for L 2 (R 2 ) o f arbitrarily high regularity, may be adapted to other types of wavelet bases.
In 2] we have constructed non separable, dyadic, compactly supported, biorthogonal wavelet bases for L 2 (R 2 ) of arbitrarily high regularity b y perturbing separable biorthogonal lters.
We have found recently a method for constructing QMF's that generate compactly supported, orthonormal wavelet bases for L 2 (R 2 ) of dilation matrix R = 1 ;1 1 1 (R is a rotation of =4 and a dilation of p 2). This method is inspired from the Theorem 2.2 Let (x) a n d (x) t wo trigonometric polynomials in one variable such t h a t (0) = 1 and j (x)j 2 +j (x)j 2 + 1 .Let m(x) b e a monodimensional QMF (i.e. m(0) = 1 and jm(x)j 2 +jm(x+ )j 2 = 1 ) andm(x) its conjugate lter ( m(x) = ;e ;ix m(x + )). If P ( 1 2 ) This means that when P( 1 2 ) satis es A. Cohen's criterion it generates a compactly supported, orthonormal wavelet basis for L 2 (R 2 ) of dilation matrix R. We do not know yet whether the regularity of such wavelets could bemade arbitrarily high.
